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SPLIT AND MINIMAL ABELIAN EXTENSIONS
OF FINITE GROUPS(1)
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ABSTRACT. Criteria for an abelian extension of a group to split are given in
terms of a Sylow decomposition of the kernel and of normal series for the Sylow
subgroups. An extension is minimal if only the entire extension is carried onto
the given group by the canonical homomorphism. Various basic results on
minimal extensions are given, and the structure question is related to the case
of irreducible kernels of prime exponent. It is proved that an irreducible modular
representation of SL(2, p) or PSL(2, p) for p prime and > 5 afford a minimal
extension with kernel of exponent p only when the representation has degree 3,
i.e., when the kernel has order p~.

1. Introduction. Schur proved in 1911 that the central extensions of the uni-
modular group SL (2, p™) are all split (see [8]). Ashby Foote showed [4] that for
an arbitrary finite group G which coincides with its own derived group, there is
a central extension U of G which is universal in the sense that U admits no
nonsplit central extension. In the special case G = SL(k, p"), U coincides
with G. No abelian extension with the property of Foote’s central extension can
exist because Gaschiitz proved [5] that every finite group has a nonsplit abelian
extension. Consequently, a useful question is how the existing nonsplit exten-
sions may be classified.

The extensions farthest from splitting are those that H. Wielandt has called

minimal, in which the only subgroup of E in the sequence

(1.1) 1A—>E—-G—1

carried onto G by the canonical homomorphism is E itself. In this paper we
show that in the special cases of SL(2, p) and PSL (2, p), if a minimal exten-
sion has an abelian kernel of exponent p which is also an irreducible KG-module
(K the field of order p), that kernel must have order ps. We also prove results on
split and minimal extensions which, apart from any intrinsic interest, suggest why
minimal extensions with elementary abelian kernels may be singled out for study.
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We adopt the terminology that, in (1.1), E is an extension of G by A, E is
central if A is in the center of E, and E is abelian if A is abelian. (This
language conforms to that of many authors but differs, for example, from that of
M. Hall [7].) If A is abelian, then E gives rise to a well-known homomorphism
X from G into the automorphism group of A such that

(1.2) x(g): a— a8 =(g') " lag’
where the g’ come from a complete set of coset representatives for A in E, with
each g' correspondingto g €G and 1’ to 1 €G.

All groups will be assumed f[inite unless specified otherwise. The letters E,
G, A will be reserved for groups with E an extension of G by A, and K or Kj
will always denote the field of prime order p or b, respectively. Following
Wielandt and others, the following notations will be used:

C <B C is a subgroup of B,

C <B C is a proper subgroup of B,

C<B C is a normal subgroup of B,

C<IB C is a proper normal subgroup of B,

|C| order of C,

B x C direct product of B and C,

B & C direct sum of (additive) B and C,

(x, y, +++) group generated by {x, y, -+~ }.
In particular, if E is an abelian extension, x denotes the homomorphism (1.2),
which makes A a G-module. Now

(1.3) A subgroup B of A is a G-submodule if and only if BJE.

It will be useful to consider G-modules B/ C where C <B <A and C, BJE;
a special case is B = A, in which E/C is an extension of G by A/C.

We shall use several times a remark due to Dedekind:

(1.4) Lemma. If X and Y are subsets of a group H, if T<H, and if YT CY,
then (X N Y)T = XT N YT. In particular, if X, Y <H, then YT CY may be re-
placed by T LY.

2. Split abelian extensions. We begin with two results relating the splitting
of certain homomorphic images of an extension E to the splitting of E itself.

(2.1) Theorem. Let E be an extension of G by A, with G and A finite or

infinite. Let A=A x «++x A with A;JE for 1 <i<r, and A’!‘:H.;é.A..
r i= ="= i i#Fi

Then

(i) E splits over A if and only if E/AY splits over A/AY for all i =
1,«¢o,n

(ii) For any r> 2, E splits over A if and only if E/A| and E/A, split over
A/A| and A/A,, respectively.

Proof. (i) Let E split over A, that is, suppose there is G*< E with E =
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G*A and G*N A =1. For fixed i, each A¥<JE, E/A¥ is an extension of G by
A/A%, and G*A¥<E. Now by (1.4),

(G*AT/AY) - (A/A}) = G*A/AT = E/A]

and

(G*AT/AT) N (4/A%) = (G* N AAT/AT = A7/ AT,
Consequently, each E/A’: splits over A/A’:.

For the converse, there are subgroups G’;, ..+, G* of E such that, for 1<
r
i<r AT< G, (GJA)/AT _E/A*, and (G}/A®) N (A/AT) = A¥/AY. Then GFA
= E and G; N A = A], for each i. Let G* =G} N ...N G'. Then by r appli-
cations of (1.4) with the observation A’: < G:‘,
* * * * *
GA=G(AA])=(G; n... nGr)AZ(A3 ...Ar)
=...=G'A_ = E,
rr

and

G*NnA=(GINn...nG"_)n Af
= =Gy NN ... nAN =1

(ii) First, let E = G*A with G* N A =1. Thenfor j=1, 2,
* *
(G*A,/A) - (A/A) = G*A A/A = E/A,

and, by (1.4),
* *
(G AJ./A].) n (A/A’.) =(G*'n A)A]./A]. = AI./A,.;

therefore, E/A| and E/A, split.

Conversely, let E/A,=G; A/A; with G; N A=A, for j=1,2. Let B=
G’:A_,} «++ A ;then BSE and BA, = E since A; <G, and A is a direct prod-
uct. Now let G*=B N G; . Then G*A = E by (1.4) together with BA, =E, and
G*NA=B ﬁAz. Now if x € B ﬁAz,then x = ba for some beG"; and a €
As Ar (by definition of B), and ba €A2. Hence b € A and thus b € Al'
Consequently, ba € AI(AZ. ces A') NA,=1,and x=1, so E is split.

(2.2) Corollary. Let E be an extension of a finite or infinite group G by a
finite nilpotent group A, let A=A, x---x A_be a Sylow decomposition of A,
and let A:‘ = ﬂ#i A’. for i=1,+e+, 7. Then

(i) E splits over A if and only if E/A’: splits over A/A’: for all i=
Lo T

(ii) E splits over A if and only if E/Ai splits over A/A]. for two distinct
7'6{1, cee, 1l
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Proof. The result follows immediately from (2.1) since a nilpotent group has
a Sylow decomposition of the required form, where the A are characteristic sub-
groups of A.

This corollary suggests that splitting of abelian extensions may be approached
through splitting of extensions by the Sylow subgroups of the kernels (where
A/A:fg Al.). The next result shows that abelian kernels of prime exponent p
and irreducible representations over the field K of order p are appropriate to be
singled out for study.

(2.3) Proposition. Let E be an extension of a (possibly infinite) group G
by a finite abelian p-group A, let x be as in (1.2), and let

A=AO(>A1|>~- !>Ar=1

be a y -composition series for A (in the sense of (1.3)). Then each factor
A l/Ai (1 <i<7) is an abelian group of exponent p, affording an irreducible

representation of G over the K = GF (p).

Proof. Let |A| = p”. Then A has a subgroup of order p"~ !, and the corre-
sponding factor group is elementary abelian. Since A is finite, it has a proper
normal subgroup A™ of smallest possible order such that A/A* is elementary.

It is easily shown that A™ is contained in every other subgroup of A yielding an
elementary factor group and, moreover, that A* is a characteristic subgroup of A.
Hence A* < E and, by (1.3), A% is Y -invariant. Repeating this argument yields

a series

(2.4) ADA DAY > .. >

consisting of subgroups of A invariant under X, Which series can be refined to
a ) -composition series for A in which each factor group is elementary abelian.

Now X acts on A,_;/A; by restriction, and if A;_,/A; is written additive-
ly as a K-module, then ¥ is a representation of G over K afforded by the KG-
module Ai-l/Ai' If this module were X -reducible there would be a X -invariant
subgroup C/A; which, by (1.3), would introduce a new term into the series 2.9).
Hence A,_ I/Ai affords an irreducible K-representation, and the proof of (2.3)
is complete.

Arguments similar to those in the proof of (2.1) yield

(2.5) Let E be an extension of G by A (with G and A finite or infinite).

If A has a series

A=A0[>...|>Ar=1

such that Ai <1 E for each i=0,1, ..., 7, and if there are subgroups By, +-*,
B, of E such that E = B,A and By N A=A, and, foreach i, B, = B, 414,
and B;y) N A, =4, , then E splits as B, A.

Now the proof of a theorem of Marshall Hall may be applied to the special
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case of elementary abelian kernels to yield

(2.6) Theorem (see [7, Theorem 15.5.11). If E is an extension of G by A,
A is an abelian group of prime exponent p, X is as in(1.2), and A is a free
KG-module affording x, then E is split.

This result may be generalized by (2.5) to obtain the following stronger

result:

(2.7) Theorem. If E is an extension of G by an abelian p-group A with x:
G — Aut(A) as in(1.2), and if A=AyD> ... >A =1 isax-normal series for
A such that each factor is a free KG-module, then E is split.

Proof. Since Al. <JE (from the proof of (2.3)) E/AI is an extension of G
by A/A|, where A/A, affords a restriction of X . By the hypothesis together with (2.6),
E/Al splits as (BI/AI)(A/AI)' The same argument applies to 4, <J B; and
the module Al/Az' Repetitions yield B, -+, B, satisfying the hypotheses
of (2.5).

A principal result of this section is

(2.8) Theorem. Let E be an extension of G by an abelian group A, let x:
G — Aut(A) as in(1.2), and let A = A" x ... x AS be a Sylow decomposition of
A, where A corresponds to the prime b 1< ]S s. If for each b; dividing
|G|, each factor of some x-normal series for A’ is a projective K].G-module,
then E is split.

Proof. We consider first the special case in which A is an abelian p-group,
thatis, s=1. Let A=A >A; > ... > A =1 be a x-normal series with
projective factors, and let X be an arbitrary Sylow p-subgroup of G. Since
Ai-l/Ai is projective, it is a direct sum of principal indecomposable modules
of G, each of which, when viewed as a KX-module, is isomorphic to a direct
sum of copies of the (right) regular KX-module KX (by a theorem of Green [6],
see [3, (65.16)]). Hence A._,/A, is isomorphic to a direct sum of copies of
the regular KX-module and so is a free KX-module, for 1 <i<7 Now let x*
be the restriction of E to X (i.e., X* is the subgroup of E corresponding to X
under the canonical homomorphism); then X* is an extension of X by A, and A
affords the restriction of ¥ to X. By (2.7), x* splits over A. But p is the
only prime dividing both |A| and |G|. Moreover, by the Schur-Zassenhaus The-
orem we have the fact that, for every prime g # p dividing |G|, the restriction of
£ to some Sylow g-subgroup Q of G splits when regarded as an extension of Q
by A. Hence (see [7, Theorem 15.8.6]) E splits over A.

To complete the proof of (2.8), let Ai = nk;éj Ak, By (2.1), E splits if and
only if E/Al splits over A/Al for j=1,...,s. Now A/Al is x-isomorphic
to A’, so E/Ai is an extension of G by an abelian p -group. If p; divides |G|,
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then E/Aj splits by the special case above because the property of being a pro-
jective K G-module is carried over from the y-normal factors of A’ to those of
A/ Al by x-1somorph1sm If p, does not divide |G|, then E/AL splits by the
Schur-Zassenhaus Theorem. Therefore, E splits.

In the terminology of modular representation theorv, we have

(2.9) Corollary. Let E be an extension of G by an abelian group A, let x
be as in (1.2), and let A = Alx .. x AS bea Sylow decomposition of A, where
A’ corresponds to the prime b;j» 1<j<s. If for each p; dividing |G|, each
factor of some x-normal series for A, viewed as a K; G-moa’ule, belongs to a

block of defect 0, then E is split.

Proof. By a result of Brauer and Nesbitt [2] (see [3, (86.3)]), each factor of
the y-normal series is a principal indecomposable K.G-module. Hence by
[3, (56.6)] each factor is projective. Thus if p; divides |G|, then E/Ai splits,
and with this one modification the proof of (2.8) applies.

This corollary shows that the application of modular representation theory
to finding nonsplit abelian extensions entails the use of modules from blocks of
defect greater than zero. If E is an abelian extension of G by A which does
not split, then A must have a Sylow p-subgroup A’ for some b, dividing |G|
such that A’ has a x-normal factor which (viewed as a K G- module) belongs to
a block of defect greater than zero.

3. Minimal abelian extensions. Let E be an extension of G by A (with
G and A finite or infinite) and #: E -—» G the canonical homomorphism. Helmut
Wielandt (in some unpublished work: see footnote 4 of [S]) has called E minimal
if whenever T < G and #(T) = G, it follows that T = E.

Equivalently, E is minimal if and only if T <E with TA = E implies T = E.
Thus minimality may be regarded as the strongest sort of nonsplitting. Another
useful characterization is

(3.1) E is a minimal extension of G by A if and only if A is contained in
the Frattini subgroup of E.

This result was proved by H. Bechtell in [1] and was used earlier by
Gaschiitz in [5].

That not every nonsplit extension is minimal is clear from the quaternion
group of order 8, regarded as an extension of a cyclic group of order 2 by one of
order 4. However, under certain conditions it is true that every nonsplit exten-
sion is minimal. For example, the following result will be useful later:

(3.2) If E is an extension of G by an abelian group A of prime exponent p,
and if A is an irreducible KG-module affording x: G — Aut(A), then E is either

split or minimal.
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Proof. If E is not minimal, then there is T < E such that TA = E. Now
TN A <A since A is not contained in T. Moreover, TN AJITand TNALJA
since A is abelian. Hence T N A<JE and, by (1.3), T N A is a proper KG-sub-
module of A. But A is irreducible, so E is split.

Three easy consequences are

(3.3) If E is an extension of a (possibly infinite) group G by a cyclic
group of prime order, then either E is split or E is minimal.

(3.4) The only minimal extension of a finite cyclic group G is again a cyclic
group.

(3.5) Let E be a minimal extension of G by A (with G and A finite or in-
finite), and let B< A with B E. Then E/B is a minimal extension of G by A/B.

Proof. The first result follows immediately from (3.2). For the second, let
G= (g g"=1) and let E be a minimal extension of G by a finite A. Let g*
be a representative in E for the coset corresponding to g under the canonical
homomorphism 7. Then 7 carries T = (g*) onto G, and T =E. For (3.5), if
E/B is not minimal, then there exists T < E with B < T such that (1/B)(A/B)
= E/B. But then TA/B = E/B and TA = E, which contradicts the minimality

of E.
Gaschiitz has proved [5] that an arbitrary finite group G has a minimal exten-

sion H?) of largest possible (finite) order such that the kernel H is abelian
of exponent p (p a prime dividing |G|) and that H®) s unique up to equiva-
lence of extensions. Let Bp be a maximal proper KG-submodule of H_; ” then
H /B is an irreducible KG-module, and by (3.5), H(p)/B is a m1mmal exten-
sxon of G by H /B In fact, if E is any minimal extensxon of G by an abelian
group A of exponent p, and if B is a maximal proper KG-submodule of A, then
E/B is a minimal extension of G by A/B, and A/B is an irreducible KG-module.
Consequently, a knowledge of the minimal extensions of G with irreducible
kernels of exponent p is important for the investigation of minimal extensions.
(3.6) Theorem. Let p be a prime > 5 and let G =2 SL(2, p) or PSL(2, p).
If an irreducible modular representation of G over K = GF (p) affords a mini-
mal extension of G, then the representation has K-degree 3. Hence, if E is a
minimal extension of G by a finite abelian group A of exponent p, then A is of
order p3.
Proof.(2) Let A be an irreducible KG-module and G =~ SL(2, p). If A
is faithful, then E is split since, if C is the centralizer in E of a coset repre-
sentative corresponding to the central element of G, then E = CA and C N A
= 1. Hence we may assume that A is not faithful or that G = PSL (2, p); in
either event, A is a PSL(2, p) module, and thus we may assume G = PSL(2, p).

(2) The author expresses his appreciation to the referee, who provided this shorter
method of proof.
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By (3.2), it suffices to prove that if the degree k& of A is not 3, then E splits
over A.

Let x* be an element of order p in G, and let y* € G be of order (p —1)/2
with y*~lx*¥y* - x*\  where A is a primitive (p — 1)/2th root of 1 in K. Brauer
and Nesbitt proved [2] that dimA = 2m + 1 < p for some integer m, and A has a
basis {ai: - m< i< m} with a;y* = )\iai. Moreover, a_~spans the unique one-di-
mensional subspace of A which is invariant under the action of x*. If dimA = p,
then by [2], A is projective, and, by (2.8), E is split. Hence we have m <
(p - 1)/2. A calculation performed on the representations in [2] shows that, for

such m and for any a € A,
|4

(3.7) Zux**i:O.

i=1
Let x be a p-element of E which maps to x* € G and y be an element of
order (p — 1)/2 which maps to y*. If we write A multiplicatively, the relations
of the preceding paragraph become
y"laz.y = a:fl, x lamx =a,_,
and (am) is the center of the Sylow p-subgroup of E containing x. Hence there
is some ¢ € K such that

b _ c
(3.8) xP =al .
Moreover, if a € A, then H€=1 x " Mgxhi _ 1, and y"lxy = x*b for some b € A.
Hence »
y~ lxt'y = (y"lxy)" = (x™)? = xp)‘n x~ Mpx M
j=1
A . =
=ac® by (3.7) and (3.8).

But then

1 -1 ¢ cAm

atk =y~ lxPy =y~laly =alr",

so (A =A™) =0 in K. Thus either ¢ =0 or A =A™. If ¢ =0, then x? = 1 and

the Sylow p-subgroup of E containing x splits over A. But then (see [7, Theo-

rem 15.8.6]) E splits over A. Hence A =A™ and m=1, so dim4 =2m +1 = 3.
The question of whether SL (2, p) or PSL (2, p) has more than one inequiva-

lent minimal extension by an abelian group of type (p, ., p) has not yet been

answered.
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